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Abstract
A limit theorem is established for a finite sum of finite products of Toeplitz operators on the Hardy
space of the polydisk. As a consequence we show that the product of six Toeplitz operators with
pluriharmonic symbols is compact iff the product equals zero iff one of these Toeplitz operators
equals zero.
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1. Introduction
Recently, several works [3,4,6,7,13] have given the natural connection between Toeplitz
operator theory and function theory of polydisk. The goal of this paper is to give further
connection between the theory of Toeplitz operator theory and function theory of polydisk.
In this paper, D is the open unit disk in the complex plane C. Its boundary is the unit
circle T . The polydisk Dn and the torus T n are the subsets of Cn which are Cartesian
products of n copies D and T , respectively. Let dσ(z) be the normalized Haar measure
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X. Ding / J. Math. Anal. Appl. 320 (2006) 464–481 465on T n. The Hardy space H 2(Dn) is the closure of the analytic polynomials in L2(T n, dσ )
(or L2(T n)). Let P be the orthogonal projection from L2(T n) onto H 2(Dn). The Toeplitz
operator with symbol f in L∞(T n) is defined by Tf h = P(f h), for all h ∈ H 2(Dn) and








is the normalized reproducing kernel of H 2(D) at the point z1 ∈ D. It is easy to check that
the reproducing kernel of H 2(Dn) at the point z = (z1, z2, . . . , zn) in Dn is the product
Kz(w) = ∏ni=1 Kzi (wi). So the normalized reproducing kernel kz(w) of H 2(Dn) at the
point z in Dn is also the product kz(w) = ∏ni=1 kzi (wi). We know that kz weakly con-
verges to zero in H 2(Dn) as z tends to the boundary of Dn. We denote by Aut(Dn) the
group of all biholomorphic automorphisms of Dn. The automorphism of Dn for n  2
are generated by the following three subgroups: rotations in each variable separately
Rθ(z) = (eiθ1z1, . . . , eiθnzn), where Möbius transformations are in each variable separately
ψw(z) = (ψw1(z1), . . . ,ψwn(zn)) and the coordinate permutations. Here θ ∈ [0,2π]n and
w ∈ Dn are fixed. Möbius transformations are in the form
ψw(z) = w − z1 − w¯z (w ∈ D,z ∈ D).
Thus an arbitrary ψ ∈ Aut(Dn) can be written in the form ψ(z) = (eiθ1ψw1(zσ(1)), . . . ,
eiθnψwn(zσ(n))) for some w = (w1, . . . ,wn) ∈ Dn, θ = (θ1, . . . , θn) ∈ [0,2π]n, and σ is a







1 − |zj |2





∣∣kz(ζ )∣∣2 dσ(ζ ) = 〈f kz, kz〉.
Let Z denote the set of all integers, Z+ denote the set of all nonnegative integers and Z−









∣∣f (α)∣∣2 < ∞}.





j , ζj ζj = 1. So we can write also f ∈ L2(T n) as




where ζ˜j = ζj or ζ˜ = ζ j .
In Section 2, a limit theorem will be established for some finite products of Toeplitz
operators. In Section 3, we will study the compact perturbation of the finite sum of finite
products of Toeplitz operators. Moreover, we will characterize when the semi-commutator
Tf Tg − Tfg is compact for a pluriharmonic function f .
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In this section we will establish a limit theorem for a finite sum of finite products of
Toeplitz operators, which generalizes the main result in [4]. The key idea partly comes
from [13]. For
f = f (ζ, ζ ) =
∑
α∈Zn+
fˆ (α)ζ˜ α ∈ L2(T n),
replacing ζ by w and replacing ζ by z¯ give that f (w, z¯) is defined on Dn×Dn and analytic
in variable w on Dn and co-analytic in variable z on Dn.
Lemma 2.1. Let f ∈ L2(T n), f = f (ζ, ζ ) =∑α∈Zn+ fˆ (α)ζ˜ α , then




for every z ∈ Dn.















f (ζ, ζ )Kz1(ζ1)Kw1(ζ1) dσ (ζ1)Kz′(ζ
′)Kw′(ζ ′) dσ (ζ ′),
where z′ = (z2, . . . , zn) ∈ Dn−1, ζ ′ = (ζ2 · · · ζn) ∈ T n−1.
Since f is harmonic in variable ζ1, we can write f as













f (ζ, ζ )Kz1(ζ1)Kw1(ζ1) dσ (ζ1)Kz′(ζ



















′, z1, ζ ′)Kz′(ζ ′)Kw′(ζ ′)dσ (ζ ′)Kz1(w1).T
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same way as above, we can obtain
PfKz(w) = f (w1, . . . ,wn, z1, . . . , zn)Kz1(w1) · · ·Kzn(wn).
This completes the proof of the lemma. 










)= {f ∈ Lq(T n): f is analytic in variable zi}.





Proof. It is well known [6] that the Hardy projection Pi is bounded from Lq(T ) into
Hq(T ) for 1 < q < ∞. Thus there exists a constant C such that for every g ∈ Lq(T ),∫
T
∣∣Pig(zi)∣∣q dσ (zi) C ∫
T
∣∣g(ζi)∣∣q dσ (ζi).
If f ∈ Lq(T n), then for every fixed ζ ′ = (ζ1 · · · ζi−1, ζi+1 · · · ζn) ∈ T n−1, we have
f (ζ ′, ζi) ∈ Lq(T ). Hence∫
T
|Pif |q dσ (zi) C
∫
T





|Pif |q dσ (zi) dσ (ζ ′) = ‖Pif ‖qq C‖f ‖qq .
That is, ‖Pif ‖q  C1/q‖f ‖q . Thus Pi is a bounded operator from Lq(T n) into Lq(T n).
Other party of the lemma are obviously. This completes the proof of the lemma. 
Corollary 2.3. PiPj = PjPi (1 i, j  n), P = P1P2 · · ·Pn is a bounded linear operator
from Lq(T n) to Lq(T n) for every q > 1.









f (ζ )Kz1(ζ1) dσ (ζ1)Kζ ′(ζ
′) dσ (ζ ′)
T T




′)Kz′(ζ ′) dσ (ζ ′)
= PnPn−1 · · ·P1f (z) = P1P2 · · ·Pnf (z),
where ζ ′ = (ζ2, . . . , ζn), z′ = (z2, . . . , zn). Hence P is a bounded linear operator from
Lq(T n) to Lq(T n) for every q > 1. This completes the proof of the corollary. 






is an algebra, i.e., both fg and f + g are in ⋂1<q<∞ Lq(T n) if f and g are in⋂
1<q<∞ Lq(T n). For every f ∈ Lq(T n), put f+ = P1f , f− = f − f+, then f+ and f−
are in
⋂
1<q<∞ Lq(T n), f+ is analytic in ζ1, f− is co-analytic in ζ1, f = f+(ζ1, ζ ′, ζ ′) +
f−(ζ1, ζ ′, ζ ′), where ζ ′ = (ζ2, . . . , ζn) ∈ T n−1.
Lemma 2.4. For fi ∈⋂1<q<∞ Lq(T ) (i = 1,2, . . . ,N), there is a function F = F(z¯1, ζ1)
in
⋂
1<q<∞ Lq(T 2, dσ (z1) dσ (ζ1)) such that
F(z¯1, ζ1)Kz1(ζ1) = P1fNP1fN−1 · · ·P1f1Kz1(ζ1)
for any z1 ∈ D, and F(z¯1, ζ1) is analytic in ζ1 and co-analytic in z1.





























T 2, dσ (z1) dσ (ζ1)
)
.
Obviously, F1 is analytic in ζ1 and co-analytic in z1. For N − 1, we assume that there is a
function FN−1(z¯1, ζ1) in
⋂
1<q<∞ L2(T 2, dσ (z1) dσ (ζ1)) such that
FN−1(z¯1, ζ1)Kz1(ζ1) = P1fN−1 · · ·P1f1Kz1(ζ1)
and FN−1(z¯1, ζ1) is analytic in ζ1 and co-analytic in z1. Thus
P1fNP1fN−1 · · ·P1f1Kz1(ζ1)
= P1fNFN−1(z¯1, ζ1)Kz1(ζ1)
= {(fN(ζ1)FN−1(z¯1, ζ1)) + (fN(ζ1)FN−1(z¯1, ζ1)) ∣∣ }Kz (ζ1).+ − ζ1=z1 1









T 2, dσ (z1) dσ (ζ1)
)
,
fN(ζ1)FN−1(z¯1, ζ1) ∈ Lq
(











T 2, dσ (z1) dσ (ζ1)
)









T 2, dσ (z1) dσ (ζ1)
)
.
We note that E = {(x, x): x ∈ T } ⊂ T × T , if g(x, y) ∈ L(T 2), then∫
E






































1<q<∞ Lq(T 2, dσ (z1) dσ (ζ1)) and FN(z¯1, ζ1) is analytic in ζ1 and co-analytic
in z1. FN(z¯1, ζ1) satisfying
FN(z¯1, ζ1)Kz1(ζ1) = P1fNP1fN−1 · · ·P1f1Kz1(ζ1).
This completes the proof of the lemma. 
Lemma 2.5. For fi ∈⋂1<q<∞ Lq(T n, dσ (ζ )) (i = 1,2, . . . ,N), there is a function F =
F(z¯, ζ ) ∈⋂1<q<∞ Lq(T 2n, dσ (z) dσ (ζ )) such that
F(z¯, ζ )Kz(ζ ) = PfNPfN−1 · · ·Pf1Kz(ζ )
and F(z¯, ζ ) is analytic in variable ζ1, ζ2, . . . , ζn and co-analytic in variables z1, z2, . . . , zn.
Proof. We prove the result by induction on the N . For simplicity, the proof is sketched for
n = 2, while conclusion holds for all n 2.
For N = 1,











= {P2[f1+(ζ1, ζ2) + f1−(z1, ζ2)]Kz2(ζ2)}Kz1(ζ1).
We note that





T 2, dσ (ζ1) dσ (ζ2)
)
,



















T 2, dσ (ζ1) dσ (ζ2)
)
,



















T 2, dσ (z1) dσ (ζ2)
)
,









F1(z¯1, z¯2, ζ1, ζ2) = P2f1+(ζ1, ζ2) + (I − P2)f1+(ζ1, ζ2)|ζ2=z2
+ P2f1−(z1, ζ2) + (I − P2)f1−(z1, ζ2)|ζ2=z2 .
Then





T 4, dσ (z1) dσ (z2) dσ (ζ1) dσ (ζ2)
)
and F1(z¯1, z¯2, ζ1, ζ2) is analytic in ζ1, ζ2 and co-analytic in z1, z2 satisfying
F1(z¯1, z¯2, ζ1, ζ2)Kz(ζ ) = Pf1Kz(ζ ).
For N − 1, we assume that there is a function





T 4, dσ (z1) dσ (z2) dσ (ζ1) dσ (ζ2)
)
such that
FN−1(z¯, ζ )Kz(ζ ) = PfN−1PfN−2 · · ·Pf1Kz(ζ ),
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PfNPfN−1PfN−2 · · ·Pf1Kz(ζ )
= PfNFN−1(z¯, ζ )Kz(ζ )
= P2P1fNFN−1(z¯, ζ )Kz1(ζ1)Kz2(ζ2)
= {P2[(fN(ζ )FN−1(z¯, ζ ))+ + (fN(ζ )FN−1(z¯, ζ ))−∣∣ζ1=z1]Kz2(ζ2)}Kz1(ζ1),
where(




























fN(ζ )FN−1(z¯, ζ )
)
+Kz2(ζ2)
= {P2(fN(ζ )FN−1(z¯, ζ ))+ + (I − P2)(fN(ζ )FN−1(z¯, ζ ))+∣∣ζ2=z2}Kz2(ζ2),
P2
[(







= {P2[(fN(ζ )FN−1(z¯, ζ ))−∣∣ζ1=z1]
+ (I − P2)
[(










FN(z¯, ζ ) = P2
(
fN(ζ )FN−1(z¯, ζ )
)
+ + (I − P2)
(













+ (I − P2)
[(













T 4, dσ (z1) dσ (z2) dσ (ζ1) dσ (ζ2)
)
such that
FN(z¯, ζ )Kz(ζ ) = PfNPfN−1 · · ·Pf1Kz(ζ )
and FN(z¯, ζ ) is analytic in ζ1, ζ2 and co-analytic in z1, z2. This completes the proof of the
lemma. 
Theorem 2.6. For fi ∈⋂1<q<∞ Lq(T n) (i = 1,2, . . . ,N), for any μ1 ∈ T , all m ∈ Z,




PfNPfN−1 · · ·Pf1kz1eiθ kz′ , kz1eiθ kz′
〉
eimθ dθ0







iθ ·)P ′fN−1(μ1eiθ ·) · · ·P ′f1(μ1eiθ ·)kz′ , kz′ 〉eimθ dθ,
where P ′ = P2P3 · · ·Pn and the last inner product is in L2(T n−1).
Proof. By Lemma 2.5, there is a function





T 2n, dσ (z) dσ (ζ )
)
such that
FN−1(z¯, ζ )Kz(ζ ) = PfN−1PfN−2 · · ·Pf1Kz(ζ )
and FN−1(z¯, ζ ) is analytic in ζ1, . . . , ζn and co-analytic in z1, . . . , zn.
〈PfNPfN−1 · · ·Pf1kz, kz〉 =
〈





fN(ζ )FN−1(z¯, ζ )
∣∣kz1(ζ1)∣∣2∣∣|kz′(ζ ′)∣∣2 dσ(ζ ).
Replacing z1 by z1eiθ in above equation yields〈









−iθ , z¯′, ζ1, ζ ′












−iθ , z¯′, ζ1eiθ , ζ ′
)∣∣kz1(ζ1)∣∣2∣∣kz′(ζ ′)∣∣2 dσ(ζ1) dσ (ζ ′)









−iθ , z¯′, ζ1, ζ ′
























−iθ , z′, ζ1eiθ , ζ ′
)
eimθ dθ
)∣∣kz(ζ )∣∣2 dσ(ζ ),
T 0












z¯, e−iθ , z¯′, ζ1eiθ , ζ ′
)
eimθ dθ.
We know that fN(ζ1, ζ ′) and FN−1(z¯1, z¯′, ζ1, ζ ′) are in
⋂





T 2n, dσ (z) dσ (ζ )
)⊂ L2(T 2n, dσ (z) dσ (ζ )).









FN−1(l, t, ζ ′, z′)ζ l1z1
t .
We first assume that there exist the terms ζ l1z¯
t



















∣∣FN−1(l, t, ζ ′, z¯′)∣∣2 dσ(z′) dσ (ζ ′).
Thus ∑
j
∣∣fN(j, ζ ′)∣∣2 ∈ L1(T n−1, dσ (ζ ′))
and ∑
l,t0
∣∣FN−1(l, t, ζ ′, z¯′)∣∣2 ∈ L1(T 2n−2, dσ (z′) dσ (ζ ′)).












−iθ , z¯′, ζ1eiθ , ζ ′
)
eimθ dθ0

































∣∣FN−1(l, t, ζ ′, z′)∣∣2)1/2 ∈ L1(T 2n−2, dσ (z′) dσ (ζ ′)),
Hm(ζ1z¯1) is continuous in variables z1 and ζ1 on the closure D × D.
Now we take a net {z1α} ⊂ D converging to μ1. For every subsequence {z1αj } ⊂ {z1α},













































































−iθ , z¯′,μ1eiθ , ζ ′
)
eimθ dθ














−iθ , z¯′,μ1eiθ , ζ ′





































where the inner products in L2(T n−1, dσ (ζ ′)), P ′ = P2 · · ·Pn. By Lemma 2.5, there are
functions





T 2n, dσ (z) dσ (ζ )
)
satisfying
Fj (z¯, ζ )Kz(ζ ) = PfjPfj−1 · · ·Pf1Kz(ζ ) = PfjFj−1(z¯, ζ )Kz(ζ )
and Fj (z¯, ζ ) are analytic in ζ1, . . . , ζn and co-analytic in z1, . . . , zn.
Since
F1(z¯, ζ )Kz(ζ ) = Pf1Kz(ζ ),
P ′P1f1Kz(ζ ) = P ′P1[f1+ + f1−]Kz(ζ )
= {P ′[f1+ + f1−(z1ζ ′)]Kz′(ζ ′)}Kz1(ζ1),
F1(z, ζ )Kz′(ζ





−iθ , z¯′,μ1eiθ , ζ ′












fN−1(j, ζ ′)ζ j1 ,
FN−2(z¯, ζ ) =
∞∑
FN−2(l, z¯, ζ ′)ζ l1.
l=−∞
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fN−1(j, ζ ′)ζ j1
)( ∞∑
l=−∞






















FN−1(z¯, ζ )Kz′(ζ ′) = P ′
[ ∑
j+l0




































































iθ , ζ ′










PfN · · ·Pf1kz1αj eiθ kz′ , kz1αj eiθ kz′
〉
eimθ dθ0










































iθ ·)P ′fN−1(μ1eiθ ·) · · ·P ′f1(μ1eiθ ·)kz′ , kz′ 〉eimθ dθ


















FN−1(l, t, ζ ′, z¯′)ζ l1z1
t
and there do not exist the terms ζ l1z¯
t

















iθ , ζ ′










iθ , ζ ′
) · · ·P ′f1(μ1eiθ , ζ ′)= 0.
Obviously, the result of the theorem hold. This completes the proof of the theorem. 
We thank D. Zheng for suggesting the above theorem.
Since L∞(T n) ⊂⋂p>1 Lp(T n), we have the following corollary.
Corollary 2.7. For f1, f2, . . . , fN ∈ L∞(T n), then for any fixed μ1 ∈ T , m ∈ Z and
z′ ∈ Dn−1, we have












Tf1(μ1eiθ ·)Tf2(μ1eiθ ·) · · ·TfN(μ1eiθ ·)kz′ , kz′
〉
eimθ dθ,
the last inner product in L2(T n−1, dσ (ζ ′)), where Tfj (μ1eiθ ·) denote the Toeplitz operators
on H 2(Dn−1).
3. The finite sum of finite products of Toeplitz operators
In this section we will study the compact perturbation of finite sum of finite products
of Toeplitz operators. This paper is motivated by the result on the finite sum of finite prod-





j=1 TAlj is a compact perturbation of a Toeplitz operator only when




. Guo and Zheng showed
that a finite sum T of finite products of Toeplitz operators is a compact perturbation of
a Toeplitz operator if and only if lim|z|→1 ‖T − T ∗φzT Tψz‖ = 0 (see [8,9]). On the poly-
disk, we naturally consider similar problems. Since the function theory on the polydisk is
more difficult than one on the unit disk, we only obtain some necessary conditions in the
following theorem.
Theorem 3.1. Suppose that T is a finite sum of finite products of Toeplitz operators, i.e.,


















(T − Tϕ)kz1eiθ kz′ , kz1eiθ kz′
〉= 0





(T − Tϕ)kz1eiθ kz′ , kz1eiθ kz′
〉
eimθ dθ = 00












eimθ dθ = 0

























TAlj (μ1···μn−1·) = Tϕ(μ1···μn−1·)
on H 2(D). Hence





Alj (μ1, . . . ,μn)
on T n. This completes the proof of the theorem. 





j=1 TAlj (μi ·) = 0 for almost every μi ∈ T (i = 1,2, . . . , n), where
TAlj (μi ·) are Toeplitz operators on H 2(Dn−1).
In the Hardy space H 2(D), Brown and Halmos showed that if Tf Tg = 0 then one of
the symbols f and g must be identically zero (see [11]). Does Tf1Tf2 · · ·Tfn = 0 imply
that one of fi (i = 1,2, . . . , n) is identically zero? We learned this problem from S. Axler
who mentioned it during visit Sichuan University in 1984. K. Guo [10] gives an affirmative
answer for n = 5. C. Gu gives an affirmative answer in the case n = 6 (see [8]). In polydisk,
we have the following theorem.
Theorem 3.3. Let f1, f2, f3, f4, f5, f6 be all bounded pluriharmonic functions on Dn
(n 2). The following are equivalent:
(1) Tf1Tf2Tf3Tf4Tf5Tf6 = 0.
(2) Tf1Tf2Tf3Tf4Tf5Tf6 is compact.
(3) One of fi (i = 1,2, . . . , n) is almost everywhere zero on T n.
480 X. Ding / J. Math. Anal. Appl. 320 (2006) 464–481Proof. We only prove that (2) implies (3). Suppose the condition (2) holds, by Theo-
rem 2.6, we have〈
Tf1(μ′·)Tf2(μ′·)Tf3(μ′·)Tf4(μ′·)Tf5(μ′·)Tf6(μ′·)kzn, kzn
〉= 0
for all fixed zn ∈ D and almost all μ′ ∈ T n−1, where Tfi(μ′·) are Toeplitz operator on
H 2(D). This implies that
Tf1(μ′·)Tf2(μ′·)Tf3(μ′·)Tf4(μ′·)Tf5(μ′·)Tf6(μ′·) = 0.
By Theorem 3 in [8], for every fixed μ′ ∈ T n−1, one of fi(μ′,μn) is zero on T . This
implies that there is a positive measure set E ⊂ T n−1 such that for every μ′ ∈ E, some i









where fi(j, z′) and fi(−j, z′) are all in H 2(Dn−1), fi(j, z′) = fi(−j, z′) = 0 for every
z′ ∈ E. This implies that fi(j, z′) = fi(−j, z′) = 0 on T n−1. Hence fi = 0 almost every-
where on T n. This completes the proof of the theorem. 
For Toeplitz operators Tf1 and Tg1 on the unit disk, the semi-commutator Tf1g1 −Tf1Tg1
is zero if and only if either f¯1 or g1 is analytic. This is well-known Brown–Halmos’s
theorem in [2]. Tf1g1 − Tf1Tg1 is a finite rank operator if and only if f or g is a an-
alytic function plus a rational function [1]. Tf1g1 − Tf1Tg1 is compact if and only if
H∞[f1] ∩ H∞[g1] ⊂ H∞ + C(T ), this beautiful result was obtain by combined efforts
of Axler et al. [1] and Volberg [14]. Recently, Zheng [15] showed that Tf1g1 − Tf1Tg1 is
compact if and only if
lim|z|→1 ‖Hf1k1‖2‖Hg1kz‖2 = 0.
To investigate the same problem on higher dimensional domains, Gu and Zheng [6]
showed that Tf Tg − Tfg has finite rank on Hardy space over bidisc if and only if for
each i, i = 1,2, either f or g is analytic in zi . In that paper, Gu and Zheng gave an
example, to show there exist bounded function f and g such that Tf Tg − Tfg is compact,
but Tf Tg −Tfg is not zero. The following theorem shows that for a large class of functions
f and g, Tf Tg − Tfg is compact if and only if it is zero.
Theorem 3.4. Let g be in L∞(T n) and f a bounded pluriharmonic function on Dn. The
following are equivalent:
(1) Tf Tg − Tfg = 0.
(2) Tf Tg − Tfg is compact.
(3) For every zi (1 i  1), either f or g is analytic in zi .
Proof. We only prove that (2) implies (3). Without loss of generality, we consider zn.
Suppose the condition (3) holds, then using Theorem 2.6, we have〈[Tf (μ′·)Tg(μ′·) − Tf (μ′·)g(μ′·)]kzn, kzn 〉= 0
X. Ding / J. Math. Anal. Appl. 320 (2006) 464–481 481for almost all μ′ ∈ T n−1 and every zn ∈ D. For fixed μ′, both Tf (μ′·) and Tg(μ′·) are
Toeplitz operator on H 2(D). Thus Tf (μ′·)Tg(μ′·) = Tf (μ′·)g(μ′·). By the Brown–Halmos
theorem [2], either f (μ′, zn) or g(μ′, zn) is analytic in zn. This implies that there are set
E1,E2 ⊂ T n−1 such that for every μ′ ∈ E1, f (μ′, zn) is analytic in zn, for every μ′ ∈ E2,
g(μ′, zn) is analytic in zn, and the measure σ(E1 ∪ E2) = σ(T n−1) = 1. If σ(E1) > 0,









where fj1(z′) and fj2(z′) are all in H 2(Dn−1). Thus fj1(z′) = 0 on the E1. It follows
that fj1(z′) = 0 on T n−1 since fj1(z′) ∈ H 2(Dn−1). Hence for almost μ′ ∈ T n−1, f¯ is
analytic in zn. If σ(E1) = 0, then σ(E2) = 1, for almost μ′ ∈ T n−1, g is analytic in zn.
This finishes the proof of the theorem. 
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